The flow-field and the acoustic-field around moving bodies are simulated by the Arbitrary Lagrangian Eulerian formulation in the finite difference lattice Boltzmann method. The validity of the ALE is checked by comparing flow about a square cylinder in ALE formulation and that in the fixed coordinates, and both agree very well. Matching procedure between the moving grid and fixed grid is also considered. The proposed method in which the both grids are connected through buffer region is shown to be superior to moving overlapped grid. Dipole-like emissions of sound wave from harmonically vibrating bodies in two-and three-dimensional cases are simulated. Sound wave emitted from rapidly rotating elliptic cylinder is also successfully simulated.
Introduction
The lattice Boltzmann method (LBM) is a novel method for the computational fluid dynamics. In the LBM, motions of fluids are simulated by calculating the evolution of the velocity distribution function that represents the distribution of discrete particle velocity. Recently, the LBM has been applied to many kinds of simulations, and many books have been also published (1)- (7) .
Generally, we use a regular lattice, a hexagonal or square lattice in two-dimensional case and a cubic lattice in three-dimensional case
(1)- (7) , for the LBM in order to preserve isotropy of flows. This limitation causes that the interpolation of distribution function is needed on the boundaries of the bodies which have arbitrary shapes. The interpolation technique is also needed to simulate the flow around the moving boundaries (8) .
The finite difference lattice Boltzmann method (FDLBM) is based on the finite difference discretization of the discrete BGK equation that is the governing equation of the LBM. Recently, the FDLBM has been also used for numerical simulations to many problems. We can directly apply the useful techniques of the finite difference method to the FDLBM. That is, we can carry out the effective calculations for the flows around the bodies which have arbitrary shapes by using the boundary fitted coordinate system. In the simulation of the flows around moving boundaries, it is known that the arbitrary Lagrangian Eulerian (ALE) formulation is useful (9) (10) .
In this paper, we apply the ALE formulation to the FDLBM, and carry out the simulations of the flows around moving boundaries. We also calculate the flows around the vibrating bodies by using the compressible fluid model (11) - (14) of the FDLBM. The acoustic waves emitted from the vibrating bodies are successfully simulated. In industrial applications, it is important to clarify the interaction between the moving bodies and the stationary bodies, such as the fans and the casings. To calculate such problems, we also consider the matching procedure between the moving coordinate and the stationary coordinate. The overlapped grid technique is generally used to combine two kinds of the grids. In this paper, we propose the new matching procedure that is applied to only the boundary between the two grids.
Finite difference lattice Boltzmann method (FDLBM)
The governing equation of the FDLBM is the following equation that represents the evolution of the distribution function ( )
, where t and r represent the time and the Cartesian coordinate respectively.
( ) term called discrete BGK model, and represents that the particle distribution approaches the equilibrium state by the collision between the particles. The third term of the left hand side represents the negative viscosity. We can set large time increment in high Reynolds number flows due to this additional term. As a result, computational time becomes shorter (15) .
Application of the ALE method

Formulation in the FDLBM
The ALE method is generally used to simulate the flow around the moving body or to calculate the problem which contains the interface of multi-phase flows. In the ALE method, the flow-field is described by the Eulerian formulation, and the grid moves together with the moving boundaries.
In this paper, the grid deformation is not considered. The grid only translates or rotates. Thus, we can easily carry out the formulation of the ALE, where the convection velocity of the equation is replaced with the relative velocity between the convection velocity and the grid velocity. On the moving boundary, the flow velocity is given by that of the moving body as the boundary condition.
The convection velocity of the discrete BGK equation is the particle velocity. Thus, the discrete BGK equation is reformulated as follows.
where α V represents the grid velocity vector. The third term on the left hand side is not replaced although it contains the particle velocity, because this term represents the negative viscosity and is not the convectional term.
The density, the momentum and the internal energy are given by the particle velocity and the distribution function as follows. The equilibrium distribution function satisfies the following equations.
In this paper, the 21 velocity model (D2Q21) in two-dimensional case and the 39 velocity model in three-dimensional case are used as the particle velocity model. The coefficients of the equation (6) are shown in Ref. (5) and Ref. (13) . Third order upwind scheme and second order Runge-Kutta scheme are used for the finite difference discretization of the equation (2).
Chapman-Enskog expansion
In order to derive the Navier-Stokes equations, the Chapman-Enskog expansion is applied to the equation (2) .
where ε is a non-dimensional small parameter corresponding to the Knudsen number. To consider the definitions of the density, the momentum and the internal energy (3) (4) (5) , and the constraints of the equilibrium distribution function (7) (8) (9) (10) (11) , the following relations of the non-equilibrium distribution function
After substituting (12) (13) (14) to (2), we collect the terms of
Then we collect the terms of
Multiply (18) and (19) by 1, and then sum up them. We can obtain the ALE formulated continuity equation from equation (18) and (19) by using the relations of the equilibrium distribution function (7)- (11) and those of the non-equilibrium distribution function (15)- (17) .
Next, multiply (18) and (19) by α i c and then sum up them. We consider the relations (7)- (11) and (15)- (17) . As a result, the following equation is obtained.
Now we substitute (18) for (21) in order to determine the third term of the left hand side. The ALE formulated compressible Navier-Stokes equation is obtained by considering the relations (7)- (11).
Multiply (18) (7)- (11) and (15)- (17), the following equation is obtained. which represents that the grid does not deform.
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The flow around the moving cube with uniform speed
To evaluate the ALE formulated FDLBM, we carry out the simulation of the flow around the cube with each side L. The non-uniform square grid is used for the computation. The size of the computational domain is 60L×60L×60L. The number of the grid is 51× 51×51. Now we consider two kinds of problems. The case1 is the problem in which the cube stands still in a uniform flow of the x-direction. In the case2, the cube moves with uniform speed in a rest fluid. Both problems are same due to the Galilean invariance. The ALE formulated FDLBM is applied to the case2 in which the grid velocity V is given by the constant U.
We compare the both results when the non-dimensional time The contour-lines of the pressure distribution on the x-z face is shown Fig. 4 , where (a) is corresponding to the case1 and (b) is the case2. The compression wave and the expansion wave are emitted from the cube due to sudden move of that. The agreement between two cases is very well. Figure 5 represents the stream-lines of the two cases on the x-z face. In the case1, we add -U to the x component of the flow velocity. Both agree very well in the flow-field also. 
Matching procedure between moving grid and stationary grid
We need the matching procedure between the moving grid and the stationary grid when simulating the interaction between the moving body and the still body. In this section, we propose the new matching procedure in which the two kinds of grids are connected on the boundary between the two only. This method is compared with the overlapped grid method which is the conventional matching method. It will be shown that the new matching method is better than the overlapped grid method in the FDLBM by some numerical results.
Acoustic waves emitted from vibrating square
The square with each side L vibrates at the x-direction. This is a simple model of the flow around the oscillating string. In this simulation, we use two kinds of grids. One is the grid which moves together with the vibrating square. The other is the still grid. The schematic diagram is shown in Fig. 6 . The moving grid is located at the lower part of the computational domain that includes the vibrating square, and the still grid is located at the upper part of that as shown in Fig. 6 . The number of the computational grid is 151×151. The computational region is prescribed to be 101L×101L. The origin of the coordinate axes is located at the center of the square when the vibrating square is located on the initial position. The boundary between two kinds of the grids is the line of the x-direction which passes through the point (x, y)=(0, L).
Here we consider two kinds of the matching procedure. One is the overlapped grid method. Figure 7(a) shows the schematic diagram of this method. The upper part is the still grid and the lower part is the moving grid. When the vibrating square is located on the initial position, two kinds of grid agree each other. However, the positions of them differ as shown in Fig. 7(a) when the center of the vibrating square moves from the origin. To calculate the distribution function on the boundary, we need the value of the distribution function on the grid points which is away from the boundary by one and two points up and down, because we use third-order upwind scheme in this simulation. These values of the distribution function are interpolated from the neighbor points by using the forth-order polynomial every time-step.
The other is the proposed matching method in which we use the buffer region. Two kinds of grid are connected in the buffer region as shown in Fig. 7(b) . The coordinate transformation is performed there every time-step, and we regard the moving grid and the still grid as a single grid system. In order that the grid deformation in the buffer region remains small, the grid on the boundary is connected to the most neighbor point like the dashed line in Fig. 7(b) .
The square oscillates harmonically with . The solid line represents the results that are obtained by using the moving grid only. The dashed line and the dots represent the results by using the overlapped grid method and the proposed method respectively. The error of the overlapped grid method occurs on the x-axis although the boundary between two grids is not included there. On the other hand, the result of the proposed method agrees with that of the single grid. The acoustic pressure becomes small on the y-axis due to dipole-like emissions of the acoustic waves. There the error of the overlapped grid method is larger than that on the x-axis, but that of the proposed method is small. As a result, we make it clear that the proposed method is better than the overlapped grid method in the FDLBM. 
Acoustic waves emitted from vibrating cube
The cube harmonically vibrates at the x direction. The shape of the cube, the number of the grid and the computational domain are same as those of section 3.2. The boundary between the moving grid and the still grid is the x-z plane that passes through the point (x, y, z)=(0, 3.6L, 0). The proposed matching method is used to connect two kinds of the grids, because this method is superior to the overlapped grid method in the FDLBM.
The acoustic pressure distributions on the x-y plane and the x-z plane are shown in 
Acoustic waves emitted from rotating elliptic cylinder
We simulate the flow around a rotating body in this subsection. The major axis of the elliptic cylinder is L and the aspect ratio is 10. The origin of the coordinate axes is located at the center of the elliptic cylinder. The elliptic cylinder rotates at the anti-clockwise direction with the angular velocity ω . The Mach number is defined by
The Mach number is prescribed to be 0.2 in this simulation. The schematic diagram is shown in Fig. 12 .
The rotating grid and the still grid are used in order to inspect the effect of the matching method. The computational region is ( ) ( )
, and is divided into two parts as shown in Fig. 13 . One is the rotating part where the boundary fitted grid is used. Its radius is 0.65L. The grid velocity of the equation (2) becomes
, where r is the radial value. The other is the stationary part where the cylindrical grid is used. The grid velocity becomes 0 there. The grid width of the circumferential direction on the boundary between two kinds of the grids is the same and uniform in order to use the proposed matching method. The number of the grid is 51×101. Figure 14 shows the distribution of the flow velocity of the x direction on the x axis. The solid line represents that obtained by using the rotating grid only. The dashed line shows that by using the rotating grid and the still grid. Both agree very well. As a result, we make it clear that the error of the matching method is small. 
becomes very large in the place far from the center of the rotation and the simulation becomes difficult. Thus, we need the rotating grid and the still grid. The rotating part is same as that of the above simulation. The radius of the stationary part is expanded from 10L to 100L. Figure 15 represents the stream-lines. The pattern of the flow is like quadrupole. The pressure distribution and the close-up view of that are shown in Fig. 16 and Fig. 17 . The acoustic waves are generated and propagate from the rotating elliptic cylinder with the sound speed. The pressure increases at the side of the edge whose direction is same as that of the rotation, and decreases at the opposite side. These patterns of the fluctuation pressure propagate to the space as the acoustic waves. Their patterns are complicated.
It is not fully verified that the pressure waves obtained by this simulation are acoustic waves, but in Ref. (16) and Ref. (18) , it is shown that we can directly simulate the acoustic waves emitted from the bodies by using the FDLBM which has the same accuracy as this calculation. 
Conclusions
We apply the ALE formulation to the FDLBM. The flow around the moving bodies are simulated by the ALE formulated FDLBM. We also consider the matching method between the moving coordinate and the stationary coordinate. The conclusions of this study are as follows.
(1) It is shown that we can easily simulate the flow around the moving body by using the ALE formulated FDLBM. ( 2) The proposed method is better than the overlapped grid method in the FDLBM. This reason seems to be the robustness of the FDLBM. (3) The dipole-like emissions from the oscillating bodies are successfully simulated.
